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Abstract 

It is widely believed that the critical properties of several planar lattice models, 
like the Eight Vertex or the Ashkin- Teller models, are well described by an effec- 
tive Quantum Field Theory obtained as formal scaling limit. On the basis of this 
assumption several extended scaling relations among their indices were conjectured. 
We prove the validity of some of them, among which the ones by Kadanoff, [13j . and 
by Luther and Peschel, [16j . 

1 Introduction and main results 

Integrable models in statistical mechanics, like the Ising or the Eight vertex (8V) models 
in two dimensions, provide conceptual laboratories for the understanding of phase transi- 
tions. Integrability is however a rather delicate property requiring very special features, 
and it is usually lost in more realistic models. 

The principle of universality, phenomenologically quite well verified, says that the 
singularities for second order phase transitions should be insensitive to the specific details 
of the model, provided that symmetry and some form of locality are retained. From 
the theoretical side, a mathematical justification of universality in planar lattice models 
is rather complex to provide. Only very recently Pinson and Spencer established, see 
[7fll24j . a form of universality for the 2D Ising model; they added to the Ising Hamiltonian 
a perturbation breaking the integrability and showed that the indices they can compute 
were exactly the same as the Ising model ones. 

While the critical indices of the Ising model are expressed by pure numbers, there are 
other lattice models in which some of the critical exponents vary continuously with the 
parameters appearing in the Hamiltonian. A celebrated example is provided by the Eight 
vertex model, solved by Baxter in [2] ; even if it can be mapped in two Ising models coupled 
by a quartic interaction, its critical indices are different from the Ising ones. 

Several authors, starting from Kadanoff and collaborators [13l[14l[15] and Luther and 
Peschel [IQ , have argued that many models, like the Askhin-Teller (AT) model and several 
others, belongs to the class of universality of the 8V model. The notion of universality 
in this case is much more subtle; it does not mean that the indices are the same for all 
the models in the same class (on the contrary, the indices depend on all details of the 
Hamiltonian) , but that there are scaling relations between them, such that all indices can 
be expressed in terms of any one of them. 
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The notion of universality for models with continuously varying indices has been deeply 
investigated over the years, see for instance [T5l [231 [5S] ; it has been pointed out that 
such models are well described in the scaling limit by an effective Quantum Field Theory, 
and on the basis of this assumption several extended scaling relations between their indices 
were derived. While the assumption of continuum scaling limit description of planar lattice 
models is very powerful, it is well known that a mathematical justification of it is very 
difficult, see e.g. [55]. 

The aim of this paper is to provide a mathematical proof of some of the exact scaling 
relations derived in the literature for planar lattice models. We will focus mainly on the 
8V and AT models, but, as we will explain after the main theorem below, our result can 
be extend to several other models. 

We start from the well known (see [5]) Ising formulation of the 8V and the AT models. 

Let A be a square subset of of side L; if x = (xq, x) e A and Gq = (1, 0), ei = (0, 1), 
we consider two independent configurations of spins, {ctx = ±l}xeA and {a'^ = ±l}xeA 
and the Hamiltonian 

H{a, a') = Hj{a) + Hj, {a') - JiV{a, a') , (1) 

where J > and J' > are two parameters, Hj is the (ferromagnetic) Ising Hamiltonian 
in the lattice A, 

HAo) =-JY.Y. ^x'Tx+e, , (2) 

i=o,i xeA 

V is the quartic interaction and — J4 is the coupling. In the the AT model, J and J' can 
be different (that case is called anisotropic) and V = Vat, with 

VAT(CT,Cr')= Ycr^<7^+e,<7W:K+e, ■ (3) 

j=o,i xeA 

In the 8V model J = J' and V ~ Vsv, with 

j=0,l xGA 

In this paper we will focus our attention on two observables, 

8V AT 



Figure 1: : The quartic interaction in the 8V and in the AT case. The gray and the black 
square are the same square of the lattice. 



Ox = 51 f^xCTx+e, + e 51 '^xC^x+e, , £ = ± , (5) 

i=o,i j=aA 
and their truncated correlations in the thermodynamic limit 

G^(x-y)=^lim^(OJOP^-(0->^(OP^ , e = ±, (6) 
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where ( • )a is the average over ah configurations of the spins with statistical weight 
g-/3ff(cr,CT )_ the AT model, (O^) is called the energy, while (O^ ) called the crossover; 
in the 8V model is the opposite, see e.g. [H]. 

Despite their similarity, an exact solution exists for the 8V model but not for the 
AT model. In recent times the methods of constructive fermionic Renormalization (see 
e.g. [H] for an updated introduction) has been applied to such models, using the well 
known representation of such correlations in terms of Grassmann integrals, see e.g. [25j . 
It was proved in [T71 [TH] that both the 8V and the isotropic AT systems have a nonzero 
critical temperature, Tc, such that, ii T ^ Tc, G^{:x. — y) decays faster than any power of 
C|x-y|, with 

^~C|T-r,r , as T^T, . (7) 
Moreover, at criticality, there are two constants C^, e = ±, such that 

G^(x-y)- I ^^1,, ,as|x-y|^oo, (8) 

where x± are critical indices expressed by convergent series in J4. The analysis in [18] 
allows to compute the indices a,x± with arbitrary precision (by an explicit computation 
of the lowest orders and a rigorous bound on the rest); the complexity of such expan- 
sions makes however essentially impossible to see directly from them the extended scaling 
relations. 

In the case of the anisotropic AT model, it was proven in [11^ that there are two critical 
temperatures, Ti^c and T2^c, and the corresponding critical indices are the same as those 
of the Ising model. However as J — J' ^ 0: 

\Ti,c-T2^c\-\J-JT, (9) 

with a transition index, xt, different form 1 if J4 7^ 0. 
In this paper we will prove the following Theorem. 



Theorem 1.1 // the coupling is small enough, the critical indices of the 8 V or AT verify 

1 

X- = — , 
x+ 



2-x 

and, in the case of the anisotropic AT model, 



(10) 



« = 7r^; (11) 



Moreover, if —J^ and — Jf denote the coupling in the two models, there exists a choice 
of J^^ as function of Jf^ such that the above critical indices coincide. 

Remarks 

1. Equation (jlOp is the extended scaling law first conjectured by Kadanoff for the AT 
and 8V models, mainly on the basis of numerical evidence (see eq.(13b) and (15b) 
of [15). The scaling relation was never conjectured before. Note that all the 
critical indices we consider can be expressed as simple functions of one of them, in 
agreement with the general belief. 
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2. A similar theorem can be proved for a number of other models in the same class of 
universality. An example is provided by the XY Z model, describing the nearest- 
neighbor interaction of quantum spins on a chain with couplings Ji, J2, J3. In [7], 
by a rigorous Renormalization Group analysis valid for small values of J3, it was 
possible to write two critical indices as a convergent series in J3; there were the 
index 1 + 771 , appearing in the oscillating part of the spin-spin correlation along the 
z direction (see (1.20) of [7|), and 1 -f 772, the index appearing in the decay rate (see 
(1.19) of T'). In such a case the analogue of the second of (1.10) can be written as 



The above relation for the XYZ indices has been conjectured by Luther and Peschel 
in [in] (see eq.(16) and table I of that paper). 

3. Our results could be easily extended to any Hamiltonian of the form if the 
quartic interactions verifies some symmetry conditions, listed in App. O of [18| . 

4. Several other relations are conjectured in the literature, concerning critical indices 
which are much more difficult to study with our methods, like the indices of the 
polarization correlations. New ideas seems to be required to treat such cases. 

The paper is organized in the following way. In f|2]we summarize the analysis given in 
[18,19], in which the correlations of the AT or 8V models are written in terms of Grass- 
mann integrals and are analyzed using constructive Renormalization Group methods. The 
outcome of such analysis is that the critical indices a;+, a and xt can be written, in 
the small coupling region, as model independent convergent series of a single parameter, 
A_oo, the asymptotic limit of the effective coupling on large scale. Note that A_oo is in 
turn a convergent series (that does depend on all the details of the lattice model) of the 
coupling J4. Such expansions allow in principle to compute the indices with arbitrary pre- 
cision, but this is not needed to prove pT|) and (fT^ , which simply follow from dimensional 
arguments. On the contrary, dimensional arguments are not sufficient to prove (|10p : and 
it is apparently impossible to check it directly in terms of the series representing x+ and 
as functions of A_oo- 

In ^21 we show that such indices are equal to the indices of the Quantum Field Theory 
coinciding with the formal scaling limit of the spin models, provided the hare parameters 
of such a theory are chosen properly as suitable functions of the parameters of the 8V 
or AT models; such functions are expressed in terms of convergent expansions depending 
on all details of the spin models. On the other hand, the QFT verifies extra quantum 
symmetries with respect to the original spin Hamiltonian ([1]), implying a set of Ward 
Identities and closed equations allowing to get simple exact expressions for the critical 
indices in terms of the coupling of the QFT; pU)) follows from such expressions. 

2 RG analysis of spin models 

2.1 Fermionic representation of the partition function 

We begin with considering the partition function of the Ising model with a quadratic 
interaction, external sources A^-^x, and periodic conditions at the boundary of A: 




3=0.1 



(14) 
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where /j,x = Aj,x + PJ ■ The purpose of adding the external source is twofold: by taking 
derivatives w.r.t. A, either we can write the partition function for ^ in terms of two non- 
interacting Ising models, or we can generate the correlations of the quadratic observables. 
Indeed, since Cx, = ±1, 

exp (acTxCx+ejO-yO-y+e^,) = cosh(a) + a^a^+ejCr'yCr'y+e^, sinh(Q) , 

so that the partition function of the two models with external fields is given by: 

Z(J4,/,/') ^ [cosh(/3J4)]^''^' ■ 



n 

j=o,i 



1 + tanh(/3J4 



Z{I)Z{I') , (15) 



where /j x ^ x + Z^*^'! SLud, in the AT case, Aj^^ = ^j.x and A'j ^ = A'j ^, while, in the 

8V case, Ao,x = ^0,x, ^0,x = ^i,x: ^l,x = ^l,x+eo, ^i,x = ^O.x+ei- 

For Z{I), the partition function of the Ising model with periodic boundary condition, 
a fermionic representation is known since a long time, see [25) . 

The result is the following. Let 7 — (£0,^1), with eo,£i = ± and let {i?x, ^^x, Kc, 
^x}xgA be a family of Grassmann variables verifying the 7-boundary conditions, namely 

Hx+{L,0) = £qHx , -ffx+(0,L) = £lHx , 

-ffx+(L,0) — EO-ffx , -f^x+(0,L) = £l-ffx , (16) 

and similar relations for V, V (we are skipping the 7 dependence in iJ's and F's). Then 
we consider the Grassmann functional integral 

Z-r^ J dHdV e^(*) , (17) 

where the action S{t) is the following function of the parameters t — {ij.x} and of 
the Grassmann variables with 7— boundary condition: 

^(^) = H [i0,xi?xifx+eo + tl,xVxVx+ei] + (18) 
xGA 

+ [h^H^ + V'x^^x + V^H^ + 1/xifx + V^H^ + i7xl4 . 

xGA 

Choosing i^ x = tanh/j_x, and for Cj.x = cosh/j x, the partition function (I14p can be 
written in the following way: 



(-1) 



5-, 



^(,)^(_l)|A|2lA| J|e, l^i^Z, (19) 



where 5~f = \ for 7 = (+, +), and (5-^ = otherwise. 

By p^ . Z( J4, /, /') can be written by doubling the above representation and explicitly 
taking the derivatives w.r.t. Aj^^ and A'^ ^. After some trivial algebra, we get the following 
result. 

Let us call tj.x, Cj,x the expressions obtained from tj.x7 Cj,x by substituting Aj^^ with 
ylj,x; in a similar way we define t'^ ^, ^. Let us now define: 

/j,x = 1 + tanh(/3J4)Fj,x?^- X , 
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ij.x tanh(/5J4) , i^^x tanh(/3J, 



1 tanh(/3J4) , 

Then we can write the partition function of the interacting models as 

Z(J4,/,/') = 41^1 [cosh(/3J4)]'l^l (n/j-,xCj:xc;-, 

\i,x 

•E^^i ^7.7' (21) 

7,7' 

where Zj^^'^Ji) is the Grassmannian functional integral 

Z^.y ( J4) = J dHdVdH'dV eS(7+9)+s'iT'+g')+vih) ^ (22) 

with boundary conditions 7 = {eo,ei) and 7' = (eQ,e']^) on the variables H, V and H' , 
V , respectively. Moreover S{t) and S'{t) have a definition which depends on the model. 
S{t) is equal to S{t) in the AT model, while, in the 8V model, it is the function which is 
obtained from S{t), by substituting, in the first line of (fTO)) . V^Vx+ei with V^+eo^x+eo+ei • 
S'{t), in the AT case, is obtained from S{t), by simply replacing H, V with H', V' , while, 
in the 8V case, we also have to substitute H'^H'^j^^^ with V^V^+ei ^"^^ ^^+ei with 
-^x+ei^x+ei+eo • Finally, V{h) is a quartic interaction that, in the AT case, is given by 

VAT{h) = E [K^H^H^+,AK+.. + /»l,xl4^x+e,l^^^^+ej , (23) 

while, in the 8V case, is given by 

Vw{h) = E [^0,x-ffx^/"x+eoV'x^x+ei + ^^l.x V'x+eo V'x+eo+ei -ff^+ei -^^i+ei +eo ] ' (^4) 



xGA 

We remark that 



ffj-,x, <7;,x, /ij,x = 0(/3J4) . (25) 



2.2 Fermionic representation of the correlations 

The truncated correlations of the quadratic observables are obtained by taking two deriva- 
tives of In Z{J4, 1, 1') w.r.t. the external sources in two different points, and putting such 
external sources to zero. The addends 2|A| ln[2 cosh(/3J4)] and X]j x(l^/j,x+lncj,x+lnc^ x) 
do not contribute when we take two derivatives in the A variables of two different points. 
Moreover, it has been proved in [18j that all and 16 partition functions Z^^^' have the 
same thermodynamic limit; hence, from now on we will substitute them with the same 
one, that with 7 = 7' = (— , — ). If we define dj^ = djdAj^y^ + ed/dA'^ .^, we get: 

where 

Z{A) = f dHdVdH'dV e'^(^)+s{s')+2XV+B(A) ^ ^^7) 



92 lnZ{A) 



dAidAi 



(26) 



A=0 
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s, s' and h are j, x— independent parameters, defined as 

s = tj,x + 5j,xU=o = tanh(/3J) + 0{l3Ji) 

= i;-,x + .9;,xL^o = tanh(/3J') + 0{(3Ji) 
2A = %xU^o = 0(/5'^4) ; (28) 
is an interaction with external sources A^, given, in the AT case, by 

B{A) = 5] [q, (i?.i7x+eo + VxV^x+e, ) + i + V^^^x+e J] + 

jceA 

e = ± 

+ ^ A^p, (i?xi?x+eoi?4i?4+eo + VxV^c+e, V^^V^^+e, ) , (29) 



while, in the 8V case, it is given by 



B{A) = ^ [q, {H^H^+^„ + Vx+eo^x+eo+ei) + 

xeA,e=± 

+q', {K+.,K+.,+.o + v^K+J] + (30) 

+ X/ "^xPe (-^x-ffx+eoV^x^x+ei + ^^x+eo ^x+eo+ei -^i+ei -^^i+ei +eo ) ^ 
xeA 

finally, q^, and are given by the j, independent parameters 




Note that 9e = 1 - tanh(/3J) + 0(/3J4), = e[l - tanh(/3J')] + OiPJi) and 0(/3J4). 
2.3 Dirac and Major ana fermions 

In order to make more evident the analogy of the above functional integral with the action 
of a fermionic (Euclidean) Quantum Field Model, it is convenient to make a change of 
variables in the Grassmann algebra. This change of variables is the analogous in the 
euclidean theories of the transformation from Dirac fermions to Majorana fermions in 
real time QFT. 

The new Grassmannian variables will be denoted by ip^, V'x, Xx and Xx and are related 
to the old ones by the equations: 

+ iH^ = e'T (^^ - , + iV^ = ijj^ + , 

i?x - iifx = e-'^ (V^x - Xx) , - «14 = i^x + Xx . (32) 

A similar transformation is done for the primed variables. After a straightforward com- 
putation, we see that the action (jlSp . calculated at tj^^ — s, Vj, x, can be written in terms 
of the Majorana fields as 

S{s) = A{^, ms) + A{x, M,) + Q(^, x) , (33) 
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where nis = 1 — \/2 + s, Ms = 1 + ^/2 + ,s and, if wc define c)*'i/'x = ^Ax+e; — V'x, 
A{'ii), w) = ^ ^ [V'x (9° - id^) V'x + CO.] - im ^ ?/5xV'x + 

xGA xeA 

+ i E (-*^° - ^^') + ^■^■] ' (34) 
xeA 

Q(V',X)= - [Vx(9"+iai)xx + {v^^x}+c.c. - 

xeA 

- i E (-*^° + *^') + {V^ x} + c.c] , (35) 
xeA 

where, in agreement with (|32p. we are cahing complex conjugation (c.c.) the operation on 
the Grassmann algebra which amounts to exchange t/jx with V'x? Xx with Xx and i with 
—i. 

The quartic interaction of the AT model becomes: 

Vat = -a 5] [^x^xV5;,V4 + V^xV'xXxX:^ + ^ x}] - (36) 
xeA 

"'^ E [XxV'xXxV'x + XxV'xV'xXx + {V' ^ X}] + irr- , 
xeA 

where the irrelevant part (irr.) is made of quartic terms with at least one (discrete) 
derivative; we will discuss later on why these term are less important. In the case of the 
8V model, the second square bracket has +A in front, rather than —A. 

If we set &e = {q^ + sq'^)/2 and = {q^ — £g^)/2, the interaction with the external 
field is given by 

B{A) = -iYl ^^^x [V^xV'x + eV^xV'x + XxXx + eXxXx] " 
-i ^ deAl [V^xV'x - e'/'iV'x + XxXx - £XxXx] + irr-: 



where the irrelevant terms are, in this case, either quartic in the fields or quadratic with 
derivatives. We remark that, if J = J', then = 0, while 6^ = 1 — tanh(/3J) + 0{j3J4). 
We now make another change of variables, defined by the relations 

and the similar ones for the x- variables. If we put m = (s + s')/2, v = [s — s')/2 and 
rrie = (ms + eras') /2, we get 

A(V',m,) + A(V'',m,0 = (38) 

= E {i [<+ - *^') ^x.+ + V'x,+ {d' ^^') + c-c] + 
xeA 

+ ^ [V'x,+ + i^i) + V4,+ (i^o + i^i) + c.c] + 

+^ (a" - z^i) + (9" - ^ai) c+ + c.c] + 
+^ [V^,^,+ + ia^) Vj,,_ + v4,+ (iS" + 1^1) v4,_ + c.c] - 

-im+ [V'+_V'x,+ - V'x, + ^x,-] + [V'x. + V'x - + V'x, + V'x,-] } : 
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where now the c.c. operation amounts to exchange ^ with V'x -cj ^^"^ * with —i. 
The interaction with the external source is 



xGA 

•[^i+V^x,- + V^x,+V^x,- + xt+xt- + Xx,+Xx,-] + irr- • 
Finally the quartic self interaction is given by 

V{V', X) = A ^ [V'x,+V'x,-'0x,+V'x,- + xi+xi-Xx,+Xx -] 

xGA 

+v{ip, x) + irrel. terms , 



(39) 



(40) 



where v{il),x) is a quartic interaction depending both on tp and x, which has a different 
expression in the AT and 8V models, as well as the irrelevant terms. 

2.4 Multiscale integration 

Let V be the set of k's such that ko — ^(no + 5) and fci = ^{ni + ^), for no,ni = 
— ^,...,^ — 1, and L and even integer. Then, the Fourier transform for the fermions with 
antiperiodic boundary condition is defined by 



def 1 



|A| 



E 



Therefore 



where 



can be written as 



2|A| 



^ $+5(k)$k , 



(41) 



(42) 



(V'k.+'^k.-^^k.+^^k,-) ' 
(V'k.+'^k.-^lk.+'^lk,-) ' 



(43) 



and , if we define 



Z)(^(k) = — i sin fco + "-^ sin fci , 



M(k) = 
a(k) = 

the matrix iS'(k) is given by 



S{k) = 



(cos fco + COS fci — 2) + 2 



1 -V2- 



(44) 



— {cosko + cos/ci — 2) + 2— , 



/ 5_(k) 


i/i(k) 


S5-(k) 




-i/i(k) 


5+(k) 


-icr(k) 




S^-(k) 


+iAi(k) 


5_(k) 


ia(k) 


V -*M(k) 


S5+(k) 


-icr(k) 


D+ik) J 



(45) 
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From now until the end of the section we will only consider the case J = J'] some 
details about the anisotropic AT model are deferred to the appendix. 

Hence we have w = and cr(k;) = 0, so that we get the much simpler equation 

A(V^,m,) + A(V',m,0 - -i- E E^k,-^kv^->-'(k) - (46) 

with 

(i sin /cq + sin /ci — i/i(k) \ 

(47) 
i//(k) i sin fco — sin fci j 

In the same way and with similar definitions, we get also 

A{x.Ms)+A{x',M,) = -1- E Ex^..Xk..'rJ_.'(k) , (48) 

where T^{k) is the matrix obtained from T(k) by substituting /i(k) with 

/iX(k) ^ (cosfco+cosfci-2) + 2 ^'^^"^" . (49) 

u 

Hence, we can write the functional integral ([?7|) as 

Z{A) ^^J P{d^)P^{dx) e2('^''^)+^(^'X)+^('4) ^ (50) 

where A/" is a normalization constant and Pldip) is the (Grassmannian) Gaussian measure 
with propagator 

5W = iiE^"*''^"'(k). (51) 

P^{dx) is the Gaussian measure with propagator gxi'^), which is obtained from g(x) 
by replacing T(k) with T^(k), Q{i/j,x) is the sum of the quadratic terms Q{tp,x) and 
Q{ip' , x'), represented in terms of the new variables; B{A) and V{ip, x) are defined in ([5^ 
and (gni). 

If J > and J4 is any real number, u is a strictly increasing function of tanh(/3J) 
and has range (0,1), as one can check by using the definition of s, see ([25)1 . On the 
other hand, detT(k) — only if k = and /i(k) = 0; hence, f/(x) has a singularity at 
u = Uc — •s/Z — 1, which is an allowed value; moreover, if /9| J4I ^ 1 (as we shall suppose 
in the following), u — tanh(/3J) + 0{PJ4). Since we expect that the interaction will move 
this singularity, it is convenient to modify the interaction by adding a finite counterterm 
^^■p' k'^^k w^k -1^' which is compensated by replacing, in the matrix T'(k), /x(k) with 



^i(k) = (cosfco+cosfci-2) + 2(l ) , M* = \/2 - 1 - 1/ . (52) 

u 

Let us call Ti(k) the new matrix and Pi{dtl)) the corresponding measure; we get 

Z{A) = ^ / Pi{di:)Px{dx) e2('^-x)+^'"('^-x)+^(^) , (53) 
A/i J 

where 

V(i) (V, X)^^^^Y. ^^Uk-^ + V(^, X) , (54) 

cj,k 
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and V has to be determined so that the interacting propagator has an infrared singularity 
at u = It*; the critical temperature is uniquely determined by the value of u* . 

Let us now remark that detT'^(k) is strictly positive for any k, as one can easily see 
by using the fact that u € (0, 1). On the other hand, it is easy to see that 

S('A,x) -~ruT. E[^k.-W +X^,>k,.']Q-.-'(k) , (55) 

where (5(k) is a matrix which vanishes at k = 0. Hence, if wc define 

V^+^V^+QT-i , =T-^Qi,- ^ (56) 

the change of variables x+ + V'^, ^ X + "0^7 allows us to rewrite ([55)1 in the 

form 

m = ^J Pz,^,M^)PAdx) e^<^'('>''^-^^)+^(^) , (57) 

where B{A) is the functional obtained from B{A) by replacing x with "0 and Pzl^i {dip) 
is the Gaussian measure with propagator 

5W = iiE^"'"'''(^^'^r'(k), (58) 

where T(i)(k) = T(k) - Q(k)T-iQ(k). In order to agree with the conventions about 
fermion models we used in our previous papers, we make also the trivial change of variables 

ijj^^^-iuj^i , V'k ^ 0f , k=(fco,A:i) , k=(fci,A:o). (59) 

Hence, by an explicit calculation of (5(k) and using the identity u* /u = 1 — /ii(0)/2, one 
can see that T^^^^ (k) is the matrix 

^ \ ^("1 ^ /^+,-(k) Zi(— isinfco — sinfci) + ^_,_(k) y 

with Ci(k) = 1, = 2u*^i(0)/(2- ^i(O)) and Zi = u*; moreover /i+^+(k) = -^_^_(k)* 
is an odd function of k of the form ^+^+(k) = 2w*/ii(0)(— i sin/co + sinfci)/(4 — 2^i(0)) + 
0(|k|^), while /i+^_(k) is a real even function, of order |kp, which vanishes only at k = 0. 
Finally, detT(^)(k) > C(2 — cosfco — cosfci), so that Pzi,fj.i{d^) has the same type of 
infrared singularity as Pi{dip). 

The fact that det T'^(k) is strictly positive implies that gxi^) is an exponential decaying 
function; hence, we can safely perform the integration over the field x in l|57p . The result 
can be written in the following form (sec Lemma 1 of |18p 

Z{A) ^ e^(^) = J Pz,,^,(dV)e^'-^'"+^'''('^)+^'''(-^) , (61) 

where Af^^^ is a constant and the effective potential V^^'^{tp) can be represented as 

"^^'^ = EE E W^-.^i.e,2„(xi,..,X2„)a"^^ii,^^...9"-^i-,^.„- (62) 

n>l Ct,t£,£ Xi ,..,Xti 

The kernels Wuj^a.e,2n in the previous expansions are analytic functions of A and v near 
the origin; if we suppose that v = 0(A), their Fourier transforms satisfy, for any n > 1, 
the bounds, see (TB] 

|W^a,c.,e,2„(kl, ...k2„-l)| < L^C'^IX^ ■ (63) 
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A similar representation can be written for the functional of the external field B^-^'>{A). 

As explained in detail in [T5] . the symmetries of the two models we are considering 
imply that, in the r.h.s. of l|62p . there are no local terms quadratic in the field, which are 
relevant or marginal, except those which are already present in the free measure and are all 
marginal. It follows that the integration in (I6ip can be done by iteratively integrating the 
fields with decreasing momentum scale and by moving to the free measure all the marginal 
terms quadratic in the field. We introduce a scaling parameter 7 = 2, a decomposition 
of the unity 1 = /i + Y^'h=- 00 fhO^), with /^(k) a function with support {j^~-^Tr/4: < 
|k| < 7'*+^7r/4}, and the corresponding decomposition of the field ifj — J2j=~oo^^''^ ■ 
the fields ..,-0^'''''^^ are integrated, we get 

where ^/i*^-'') — J2j=-oo V'^"'' ^^'^ ^Zh./j,, ('^V') is the Gaussian measure with the propagator 
obtained from ([^ by replacing in ([50]) Ci(k) with Cft(k) = Efc=-oo fhC^)]^^, Mi with 
^h, Zi with Zh and the functions fi„_^i{'k) with similar functions /i|,.''^/(k) (which turn out 
to be negligible for ft, — s- — cx), as a consequence of the following analysis). The effective 
interaction V^^\ip) can be written as 

v('') (v-) = 7 + XhF^'^ + (V') = rvC') (V) + R^''^ (V') , (65) 

where and A/j are suitable real numbers, 

p^'' - T^T.T.^l-''"^i--l- ^ (66) 

ui k 

- E fi^rv^g;!^"^s-v^£^-^(ki-k.+k3-k,), 

ki,...,k4 

and i?*^''-' (ip) is expressed by a sum over monomials similar to (1^21) . with 2n+ai + ..+a2n > 4 
; the kernels are bounded if supj.>;j(|Aa;| + \vk\) is small enough. According to power 
counting, F^, is relevant, F\ is marginal while all terms in i?'' are irrelevant. Moreover 

B^''H^^^^''\A) = ^Z^^^^^O^^")^ +4'')(V'(^"),A) = (67) 
CB^''H^,^|^^''^ , A) + r['''> ii:^^^^ , A) , 

where 

0(</.)+ = (68) 

and i?J''^(V'(-''\A) is a sum of irrelevant terms. Note that many other possible local 
marginal or relevant terms could be generated in the RG integration, which are however 
absent due to the symmetry of the problem, as proved in [18 , App.F (see also llj, §A2.2). 
The above integration procedure is done till the scale h* defined as the maximal j such 
that 7'' < \fij\, and the integration of the fields ip'^-'^ ^ can be done in a single step. 
Roughly speaking, h* defines the momentum scale of the mass. 
The propagator of the field ?/;^-'') can be written, for ft, < 0, as 

g^^'^'> (x, y) = .gf,^'') (x, y) + r(^'') (x, y) , (69) 
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where 



#'')(x,y) ^ -1 ^ e-^^(-y^^T-\\.) , (70) 



nik)^c,{k) + -^\], (71) 

V -iko -ki J 

and, for any positive integer M , 

'-^^^'(-'>-)'^^-- i + (,^x-yn - (^2) 

The propagator g!^\x,y) verifies a similar bound with 7'' replacing 7^''. A similar de- 
composition can be done for g'^'^\x,y). 

The effective couplings Xj (which, by construction, are the same in the massless fi ~ 
or in the massive /i ^ case, see |llj). satisfy a recursive equation of the form 

Aj_i = A, +/3i^'\A„...,Ao) + /3i^'^(A„ .;Ao,J^o) (73) 

where \ P^^^ are /i-independent and expressed by a conwer(7enf expansion in Aj, Vj.., Aq, vq] 
moreover vanishing if at least one of the Vk is zero. From the decomposition (j69p . the 
smaller bound on propagators r and because of a special feature of the propagator gT, the 
following property, called vanishing of the Beta function^ was proved in Theorem 2 of [5] 
for suitable positive constants C and d <V. 

|/3i^")(A„...,A,)|<C|A,|V^'- (74) 

Moreover, it is possible to prove that, for a suitable choice of vi = 0(A), Vj ~ 0{'-f'^^Xj), if 
Xj = supj,>j l-^fc|j ^-iid this implies, by the short memory property ( see for instance A4.6 
of dU), Z?^''' = 0(7''-' A|) so that the sequence Aj converges, as j —> —00, to a smooth 
function A_oo(A) = A + O(A^), such that 

|A, -A_oo| <CAV'' • (75) 

Moreover 

%i = 1 + Pi^\X„ Ao) + Pi''' {X„iy,; .., Aq, j^o) , (76) 

with /Jp-* vanishing if at least one of the i^k is zero so that, by i/j — 0{-^^^Xj) and the 
short memory property, pi'''' = 0{Xj^'^^). Finally 

/3,(A,, Ao) = /3.(A_oo, A^oo) + 0(A7'"') , (77) 

where the last identity follows from (|75p and the short memory property. An important 
point is that the function /^^(A-oo, A_oo) is model independent. Similar equations hold 
for zj^\^h, with leading terms again model independent. 

By an explicit computation and (|77p there exist r/+(A_oo) = ci A_oo+0(A^q^,), 77-(A_oo) = 
-ciA_oo + 0(A2_^), ?7^(A_oo) = ciA_oo + 0(A2_^) andr;2(A_oo) = C2X'i^ + 0{X^^), with 
ci and C2 strictly positive, such that, for any j < 0, 



I log^(Z,_i/Z,) - r7,(A_oo)| < CX^j'^' , (78) 
I log^(/i,-iM) - ^p(A-oo)| < ClAb''^ 
|log,(zj±)/zf )) - r7±(A_eo)| < CA^"^" . 
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The critical indices are functions of A_oo only, as it is clear from ([77]); moreover from 
(6.28) ad (5.4) of [H], 



x± = l-ri±+riz 



1 — Xa 



(79) 



When the limit ^ is taken (after the limit L oo, so that all the Z^^-y/ have the same 
limit), the multiscale integration procedure implies the power law decay of the correlations 
given by 

If /i 7^ (that is, if the temperature is not the critical one), the correlations decay 
faster than any power with rate proportional to /i^* , where, if [x] denotes the largest 
integer < x, h* is given by 

"log.^ ImI 



so that 



1 + ??^ 
1 



a 



(80) 
(81) 



3 Equivalence with an effective QFT 
3.1 The effective QFT 

We introduce a QFT model, which has a large distance behavior of the same type as that 
of the formal scaling limit of the spin models with Hamiltonian (1.1). As a general fact, 
the relations between the critical indices and the coupling depend on the regularization 
procedure used to define the QFT model; the kind of regularization that we are going 
to use allows us to get expressions for the critical indices, simple enough to prove the 
extended scaling relations. 

The QFT model is defined as the limit TV oo, followed by the limit — / oo, 
to be called the removed cutoff limit, of a model with an infrared 7' and an ultraviolet 
7^ momentum cut-off, —l,N > 0. This model is expressed in terms of the following 
Grassmann integral 

e^"(^'^'^)=yP(#[''^l)exp|vW(V['''^l)+^ Jd^At,0,,^+ (82) 

where x G A, a square subset of M^, and 0~ are defined in and P((iV''''^') is 
a Gaussian measure with propagator g^'^'(x, y) given by (I70p with fi^ ~ /i, — 1 and 
C^"^(k) replaced by C;~^(k) — J2k=i A-C^)- The interaction is 

V(^^)(^) = fd^f dyvKi^ - y)V'i>+->x,>;,»c. , (83) 

where K < N and vk (x — y) is given by 

vk{^ -y) = j^Y. Xo(7"''p)e^P(''-''^ , (84) 
p 

Xo(p) being a smooth function with support in {|p| < 2} and equal to 1 for {|p| < 1}. 
The correlation functions are found by making suitable derivatives with respect to the 
external fields Ax, Jx, "y^x and setting them equal to zero. 
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Note that limif _>oo (x — y) = (5(x — y), so that the model becomes the Thirring 
model in the limit K ^ oo (taken after the limit N — > oo), if one also introduces an 
ultraviolet renormalization of the field, Aoo and fi. However, in the following we shall take 
K fixed, for example if = 0, so that no ultraviolet regularization is needed. 

We shall study the functional WNiA, J,if) by performing a multiscale integration of 
(|82p : we have to distinguish two different regimes: the first regime, called ultraviolet, 
contains the scales /i G [A' + 1, iV], while the second one contains the scales h < K, and is 
called infrared. 



3.2 The ultraviolet integration 

We shall briefly describe how to control the integration of the ultraviolet scales, without 
encountering any divergence We shall assume that the reader is familiar with the tree 
expansion, as described, for example, in 7J, and we only sketch the proofs, omitting many 
details. Moreover, for simplicity, we shall only consider the case A = ip = and /x = 0, 
but the result is valid for the full problem; for more details in a similar case, see [111 . 

If the fields ...,^p^^'^^'> are integrated, we get an expression like in 

which the fermionic integration is P{dip^'''^^) with propagator g^.'''', and y*^'*' is sum of 
integrated monomials in m ^. variables, i = 1, . . . , m, m ipy. ^. variables and n Jzj,u:'. 

external fields, j = l,...,n, multiplied by suitable kernels W^?.'^™''^''^(z;x, y). These 
kernels are represented as power expansions in A and z/, with coefficients which are finite 
sums of products of delta functions (of the difference between couples of space variables) 
times smooth functions of the variables which remains after the constraints implied by the 
the delta functions are taken into account. With an abuse of notation, we shall denote 
by / dzdxdy W^^"'^™''^'''' (z; x, y) the expansion which is obtained by summing, for each 
coefficient, the norm of these smooth functions. We introduce the following norm 

l^^?r^^'^(z;x,y) . (85) 



|^(n;^2™)W||.e/ 1 ^^^^^^ 



|A| 

Theorem 3.1 //Aoo is small enough, there exist two constants Ci > 1 and C2, such that, 
if K < h < N , the relevant or marginal contributions to the effective potential satisfy the 
bounds: 

||H^(0;2)(/.)||<^^|^^|^.^-2(.-K)^ (86) 
\\wi]fj^'^ - <525.vll < C^lXooh^^'-''^ , (87) 



where (52(z;x,y) = (5(z-x)(5(Z-y) and w(S4(xi, X2, yi, y2) = (5(xi -yi)u_ft:(xi -X2)5(x2 - 
y2)- 



Proof. The proof is by induction: we assume that the bounds ([86|l - ([88|) hold for h : 
k + 1 < h < N (for h = N they are true with Ci — C2 — 0) and we prove them for h = k. 

The starting point is the following remark. Suppose that we build the tree expansion, 
by defining the localization operation so that it acts as the identity on the relevant or 
marginal terms, that is Wu^'^^'"'^\ W^^]'.'^'"'^^ and W^'^)^'^\ while it annihilates, as always, 
all the other contributions to the effective potential. Then, it is easy to see that the 
inductive assumption implies the following "dimensional" bound, for Aoo small enough: 



15 



where d„_m = max{m — 1,0}, if n > 0, and dn.m ~ maxim — 1,1}, if n = 0, and C 
is a suitable constant larger, at least, of 7. In fact, the localization procedure and the 
bounds imply that all the tree vertices have positive dimension and there are 

three types of endpoints, associated to wi^'^^'"^\ W^,'.'^'"'^\ which contribute 

(up to dimensional factors and for Aoo small enough) a factor Ci|Aoo|, 1 + C'2|Aoo| < C 
and I Aoo I [1 + C'2|Aoo|] < Ci|Aoo|, respectively. Note that the condition C > 7 comes 
from the bound of the trivial tree (that with only one endpoint) contributing to the tree 
expansion oi VVJ) ' . 

We need to improve the bound ((5^ when 2 — n — m > 0. We can write, by using the 
properties of the fermionic truncated expectations and the fact that, by the oddness of 
the free propagator, wi,^'°^(k) = 0, 

W(«^2)W(^^y)^ (90) 

= Aoo I dxvdw' vk{^ - w)5l^^+i'^l (x - w')Tyil;^)(;c) ^, ^ ^ 
which can be bounded, by using ([5^ . as 




Figure 2: : Graphical representation of 



AT 



||M^r^(^-)||<|Aoo|||^^^lkH|M^ll:;ri! E ^alPU 



1 < 



]=k+l 



< 



ttT Aoo 7 < (--1 Aoo 7 7 ^ 

1 — T ^ 



(91) 



where, for example, Ci = max{2, j^^^C}; hence ([86|) is proved. Note that the condition 
Cl > 2 is introduced only because Ci is the same constant appearing in 




z = x = y 




+ 



X = y 




(d) 

X = z u\ /y 



Figure 3: : Graphical representation of W^^.'^^^'^'' (z; x, y) 
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Let us now consider W^}.'^'"''^'' (z; x, y) and note that it can be decomposed as the sum 
of the five terms in FiglJl The term denoted by (a) in Fig[3]can be bounded as 



N 



j=k+i 



(92) 



The bounds for the graphs (c) and (d) are an easy consequence of the the bound for 
^(0;2)(fc)^ 

In order to obtain an improved bound also for the graph (6) of Fig. [31 we need to 
further expand wj^'^}''^'^ as done in Fig|31 if we suppose that the arrows in the fermion 
hnes of graph (62) can be reversed. 



u 

(b2) 



LiJ 





Figure 4: : Graphical representation of graph (b) in FigjH] 

The bound for the graph (62) can be done by using the previous arguments. We can 
write 

durfw' 5^ +''"^1 (w - u)5['=+i-^l (u' - w)5['=+i-^l (w' ~ u') • 

(93) 



.Te;^)^(z,z';w',u) 



In order to get the right bound, it is convenient to decompose the three propagators g^j 
into scales and then bound by the LP" norm the propagator of lowest scale, while the two 
others are used to control the integration over the inner space variables through their 
norm. Hence we get: 



(94) 



•3! E W\^iA£'\mA£\l^ < C3IA00I V^'^-^) . (95) 

fe+l<j'<j<i<Af 

for some constant C3. 

The bound of (61) and (63) requires a new argument, based on a cancelation following 
from the particular form of the free propagator. Let us consider, for instance, (61): 



= XacSuj'-ujS{x - y) I dw vk{^ ~ w) 



[k+l,N]f s 



(96) 



On the other hand, since the cutoff function Cfe^Ar(k) is symmetric in the exchange between 

(97) 



fco and fci, it is easy to see that g£''^\xQ,xi) = — iwgJJ '^'(xi, — xq); hence 



du g^'^J^^\n) =0. 
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It follows, by using ([57)1 and the identity 

vk{'^ - w) = vk{x - z) + ^ {zj - Wj) / dr [djVK) (x - z + t(z - w)) , (98) 

1=0,1 Jo 



that we can write 



y) = Aoo<5c.'.-.<^(x - y) • (99) 



^ f dr dw {djVK){x-z + T{z-w)){zj -Wj) yL^+^'^l (w - z) 

_n T Jo J '- 



2 



i=o,i 



Hence, 



<4|AoolEEll5-'llU- \idjVK)i^)\ ■ (100) 

/ 



i—k j—k 

dw h,||5E(w)| < C4|A^|7-('=-^) . (101) 



By summing all the bounds, we see that there is a constant C2 such that 

- 6^,^,52\\ < C2|Aoo|7-('=-^^ , (102) 
which proves ([571). The bound for 1^(0^4) (fc) foHo^g f^. 

om similar arguments. 
3.3 Equivalence of the spin and the QFT models 

As a consequence of the integration of the ultraviolet scales discussed in the previous 
section, we can write the removed cutoffs limit of (j82p . with ip = J = and with the 
choice K — 0, as 

hm hm /p,„,Zo(dV'(^"^)e^'"'('^'''')+'''"'(■^''"'•^^ (103) 

where the propagator of the integration measure in (|103p coincides with g!^^\x,y), de- 
fined in jlOl), /:V("' = AoF|"^ and £6^°'^ is defined as in ([671); from the analysis of the 
previous section it follows that Aq is a smooth function of Aoo, such that Aq = Aoo + 0(A^). 

The multiscale integration for the negative scales can be done exactly as described in 
p.4| with the only difference that, by the oddness of the free propagator, i/j — and 

A,_i =A,+^i^')(A„...Ao) , (104) 

where, by (|69p and the short memory property, 

Pi'\x„ ...Ao) = I3i'\x„ ...Ao) + 0(^27"^-) , (105) 

p{^\Xj, ...Xj) being the function appearing in the bound (|74p . so that we can prove in the 
usual way that A_oo = Aq + 0(Aq); since Aq = Aqo + O(A^), we have 

A-oo = /i(Aoo) = Aoo + 0(AL), (106) 
for some analytic function /i(Aoo), invertible for Aqo small enough. Moreover 

^ = l + ^2'(A„...,Ao), (107) 
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ith 



P±. being the functions appearing in the analogous equations for the model of §2.41 This 
implies that 

?/± =log^[l + /3i-°"'(A_oo,...A_oo)] , (109) 
that is the critical indices in the AT or 8V or in the model li8S\} are the same as functions 

of A_oo- 

Of course A_oo is a rather complex function of all the details of the models. However, 
if we call Aj(A) the effective couplings of the lattice model of the previous sections, the 
invertibility of ft.(Aoo) implies that we can choose Aqo so that 



/32^(A„ Ao) = P^i\x,, ...Ao) + 0(A,V^) 



(108) 



MAco)-A'„o,(A) 



(110) 



With this choice of Aoo(A), the critical indices are the same, as they depend only on A_oo; 
the rest of this chapter is devoted to the proof that the critical indices have, as functions 
of Aoo, simple expressions, which imply the scaling relations in the main theorem. 

Remark p09p and ()110p play a central role in our analysis; they say that the critical 
indices of the spin lattice models (1.1) are equal to the ones of the QFT model (j82|l . 
provided that its coupling is chosen properly; such a model is defined in the continuum 
but the non locality of the interaction has the effect that no ultraviolet divergences are 
generated. On the other hand, the model ([5^ verifies extra symmetries, involving Ward 
Identities and closed equation, which allow us to derive simple expressions for the indices 
in terms of Aoo, as we will see in the following sections. 



3.4 Ward Identities 

We consider the case /x = and we call Di^Ck) — —iko + ujk. We shorten the notation of 
yVAr(0, J,ri) into yVAr(J, ry). By the change of variables ip^^^ e^'^'^-'^Vx.w obtain the 
identity 



Dlu (p) — (0, T^)-vvK {p)D^^ (p) (0, 77) 



N 



'7k+p,^^^(0,?7) 



N 



(0,77)77^ 



where v is a constant to be chosen later. 



(0,0,7?) 



(Ill) 



At !\def fdqdp ^ , , 



q,— cjT^p, — u; ' 



(112) 



(113) 



a(q,p) = [X,:^(P) - 1]DUp) - [xr^(q) - , 



(114) 
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and x/,Af(k) = Ef=i/fc(k) 



Remark - As explained in §2.2 of [8^, is obtained by introducing a cut-off function 

Xf jv(k) never vanishing for all values of k 7^ and equivalent to xi,nO<-) as far as the scal- 
ing properties of the theory are concerned; e is a small parameter and lim£^o+ Xi nO^) ~ 
Xi,nO^)- This further regularization (to be removed before taking the removed cutoffs 
limit) ensures that the identity [{xf — l]xf atC*) = 1 — xf jv(^) satisfied for all 

k 7^ 0. When this further regularization is removed, all the quantities we shall study have 
a well defined expression. 



The two equations obtained from (jllip by putting uj = ±1 can be solved w.r.t. (?e^" / d Jp^^ 
and, if we define 



a(p) = 

Mp) 



1 



a(p) -I- ea{p) 



a(p) 



1 



1 + l^VKip) 



(115) 



we obtain the identity 
de^N 



= E 



(o,^)-E 



A^^'(p) de"^^ 



(0,0,7/) 



(116) 



Given a correlation function with m external fields of momenta ki , . . . , k„i , we shall 
say that its external momenta are non exceptional, if, for any subset / of {l,...,m}, 
^jgj (Tikj ^ 0, where ai — +1 for the incoming momenta and ai — — I for the outcoming 
momenta. Note that our definitions are such that 77+ is an incoming field, while 77^, J 
and a are outcoming. 

An important role in this paper will have the following lemma, which was already 
proved in [TS] . 



Lemma 3.2 // Aoo is small enough, there exists a choice of v , independent of I and N , 
such that 



aTiii, in the limit of removed cut-offs, 



(0,0,77) = 0, 



(118) 



771 the sense that the correlation functions generated by deriving w.r.t. 77 the l.h.s. of I1118\) 
vanish in the limit of removed cutoffs, if the external momenta are non exceptional. 

Proof. We sketch here the proof, as it will be useful in the following, referring for more 
details to [H] (see also [10] and [SIE]). The starting point is the remark that yV^(a,0, 7;) 
is very similar to WwiJ, rf), see (j82|) . the difference being that J «/x,wV'x,(jV'x.i^ is replaced 
by Ao — vA- . A crucial role in the analysis is played by the function Cu: (p, q) appearing in 
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the definition of Aq: this function is very singular, but it appears in the various equations 
relating the correlation functions only through the regular function 



Ui'''H<i + P, q) Xiv(p)a(q + P, q)5£''(q + P)9y\ci) , (119) 

where Xn{p) is a smooth function, with support in the set {|p| < 87^^^} and equal to 1 in 
the set {|p| < 27^+^}; we can add freely this factor in the definition, since J/i,''"''' (q + p, q) 
will only be used for values of p such that XJv(p) = 1, thanks to the support properties of 
the propagator. It is easy to see that Uuj vanishes if neither j nor i equals N ot I; this 
has the effect that at least one of the fields in Aq has to be integrated at the N or I scale. 

As a matter of fact, the terms in which at least one field is integrated at scale I are much 
easier to analyze, see below. In order to study the others, it is convenient to introduce 
the function S"^ defined by the equation 

UL'^'^ (q + P, q) = E Da{jp)S!^:i) (q + p, q) . (120) 
One can show that, if we define 

Sl;f (z;x,y) = e-^^-^^'^-^s'^i!{j>,c^ , 



(121) 



then, given any positive integer M, there exists a constant Cm such that, if j > Z, 

N j 

ie^-^(z;x,y)| < gM ^^^^;;^_^|j.,^^^^,;_^|j., , (122) 

a bound which is used to control the renormalization of the marginal terms containing a 
vertex of type Ao- We choose v as given by 



N 



^ = ^00 /t^ ^-ci,:.(q,q) ; (123) 



by an explicit calculation one can see that, for any I < and > 0, satisfies (I117p . We 
remark that, to get this result, it is important to exclude from the sum in the r.h.s. of 
()123|1 the couples with one of the indices equal to /; without this restriction, v would 
be equal to 0, for any iV > 0. 

The fact that the external momenta are non exceptional is important to avoid the 
infrared singularities of the correlation functions. This condition on the momenta is taken 
into account by using the fact that, in the tree expansion of the correlation functions, 
there are important constraints on the scale indices of the trees. This allows us to safely 
bound the Fourier transforms of the correlation functions by the sum over the norms 
in the coordinate space of the contributions associated to the different trees; see ^5., §3.1, 
for an example of this strategy. Moreover, the tree structure of the expansion allows us to 
express the norm of the correlation functions in terms of the norm of the effective 
potential on the different scales; hence, in the following, in order to study the effect on 
the Fourier transform of the correlations of the ultraviolet region, we shall study the 
norm of the kernels in the coordinate space. 

We will proceed as in the analysis of Wat (J, 77), integrating first the ultraviolet scales 
N,N — 1, . . . , h + 1, h > K, following a procedure very similar to the one described in 
WS.2\ the main difference being that there appear in the effective potential new monomials 
in the external field a and in ip. 
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We consider first the terms contributing to yV_4(a,0,7y) in which at least one of the 
two fields in or A- is contracted at scale N. The marginal terms such that only one 
of these two fields is contracted are proportional to T4^(0'2)('^), so that one can use (jM]) 
to bound them. Hence, we shall consider in detail only the terms such that both fields 
of ^0 or Ai are contracted and we shall call k'^.'^!^}^''^ the corresponding kernels of the 
monomials with 2m ip-fields and n a- fields. In the case n = 1, we decompose them as 
follows: 

^i;3''^(p;k) = E^-(p)^i-Si'^(p;k) , (124) 

where p is the momentum fiowing along the external a-field. As in WS.2\ we have to 
improve the dimensional bound of T^a-'J|^'2'- We can write the following identity, which 
is represented the first line of Fig [5] in the case a = —1: 




(125) 



Figure 5: : Graphical representation of W^.'^'^-^'^.^, 

We can further decompose wj^.'^''^'^.^, as in the last there lines of FigO The term (c) 
can be written as 

N 

Aoo E y dudu'dwdw' S^_l'^l{z; u, w)^!^'^] (u - u')vk{u - w') • 
•M^iS!'i(w';u',w,x,y). (126) 
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def 



Hence, if we put bj{x) /{^ + [7"'|x|]^), we recall that S^l'^\ is difTerent from only 
if either i or j is equal to N , and we use the bound (|122p . we see that the norm of (c) is 
bounded by 

N* „ 

C^\\^\\\vk\\l^ ydxdu'dwdw'|VF!t;^i(_t'K;u',w,x,y)|. 

■ Jdzdu b,{z - w)6,(z - u)|.g£™)(u - u')| , (127) 

where * reminds that max{i, j} = N. Since the and the L°° norm of bj satisfy a bound 
similar to analogous bounds of g!j\ we can proceed as in the previous section to bound 
J dzdu bi{z — w)6j(z — u)|5i™''(u — u')|, by taking the L°° norm for the factor with the 
smaller index and the norm for the other two. By also using (I89p . we get the bound 

C^|Aoop7-'^'-^^-''<^-'=^ , (128) 

for any < i? < 1 {C^ is divergent for — > 1). With respect to analogous bound in 
WS.2\ ((b2) in Figd]), there is an improvement of a factor The term (d) can be 

bounded by 

N * 

for the term (e) we get the bound C|Aoop7^^^''~^^7~^^^'^^- By putting together all the 
previous bounds, we get 



11(c) + id) + (e)|| < c^\Xooh-'^''-''h-'"^''-'^ ■ 

We consider now the terms (a) and (b), whose sum can be written as 

■ JdwvKiu- ^)w[^^fj,''^ (w; X, y 
By using the identity (|98|) . (|130p can be written also as 

N 



(129) 



(130) 



Aoo ^ J du S^:^^ (z; u, u) - |dw VK (z - w) W^l^^^^'/'^) (w; x, y) + 

N 

p=0,l i,j=k •' 

■ j^T ldxv{dpVK){z-w + T{u-z))W^:'^y'\w;^,y) . 

The latter term is again irrelevant and vanishing for iV — fc ^ +oo; in fact, its norm can 
be bounded by 



N * 



2|Aoo|||M^!S/'^||||9^;if||Li E /rfz6.(z-u)5,(z-u)|u-zp|< 



(132) 
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Contrary to what happened for the graph (bl) of Fi^ the contribution of the graph (a) 
to the first term in the r.h. side of (jl3ip is not zero (that is, the fermionic bubble is not 
vanishing); however, in this case its value is compensated by the graph (b), thanks to the 
exphcit choice we made for v. Indeed we have 



N „ k 



i,j=k 

that easily implies that the first term in the r.h. side of (I131|) is bounded by C|Aoo|7^^^^''-'- 
Let us finally consider VV^.'^^^.^, , for which we can use a graph expansion similar to 
that of FiglHl the only differences being that v is replaced by and the indices -co are 
replaced by to. Hence a bound can be obtained with the same arguments used above, 
with only one important difference: the contribution that in the previous analysis was 
compensated by the graph (b) now is zero by symmetry reasons. Indeed, if we call k* 
the vector k rotated by 7r/2, it is easy to see that Sq'£'' (k* ,p*) ~ —LuujSQ'^\h,p), which 
implies that 



N ^ N 



J du s!:;:i> (z; ") = E / -k) = o . (i34) 

We have then proved that 



m^:^^^l:^<c\x^h'^^''-'^ , (135) 

which implies, by dimensional bounds and the short memory property, that, for K < k < 

< (C|Aoo|)™7(^-™^S-"^"'-'=) . (136) 

It remains to analyze the terms contributing to W^(q;,0,?/) in which no one of the two 
fields in is contracted at scale N. li i > I we can use the bound 



c^'^(q + p,q) 



<^7"*'^'^^V— ' if|p|>2V+i, (137) 



and the factor ^~(*~') in the r.h.s. of this bound is an improvement w.r.t. the dimensional 
bound and makes indeed irrelevant the marginal terms containing a vertex of type Aq, if 
one of the ■0 fields is contracted on scale I and p has a fixed value different from 0, as we 
are supposing. 

The contributions to the correlation functions generated by the l.h.s. of (jllSp . such 
that one of the V'-fields in is contracted at scale I (hence it is an external field at scale 
k), vanish in the limit I — *■ —oo, if the momentum p of the a field is fixed at a value 
different from 0, as we are supposing. This follows from the bound (|137p . since the value 
of i is essentially fixed at a value of order log^ |p| and the extra factor vanishes for 

I — > — oo. The correlations generated by the terms containing \Y^'^"^^^''^ are vanishing in 
the limit of removed cut-offs, thanks to the extra factor ^~^'^^~^) in p36p . with respect 
to the dimensional one, and the short memory property. 

3.5 Closed equations 

The Schwinger-Dyson equations for /i = are generated by the identity, see [6] , 



£)„(k)— ^(0,77) = x/,iv(k) 



fr p>Vjv(0,ri) 
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-Ac 

By using pi6p we easily get: 



dp 



vk{v) 



k+p,cj 



(138) 



'(P) 



(2^ 



(139) 



(0,r?) 



^-(^a;'(p) 



k+p,w^'/q+p,w' 



)2 i?-c.(p) aap,^-9r/+^p^^ 



(0,0,77) 



We now want to prove that the last term in the r.h.s. of p39p is negligible in the limit of 
removed cutoffs, if k is fixed at a value far from the cutoffs. 

Theorem 3.3 In the limit of removed cutoffs, the correlation functions generated by de- 
riving w.r.t. rj the functional 



E 



dp , ,A_^^,(p) S^e^^^o-O'") 
vk{v)- 



vanish, if the external momenta are non exceptional. 

Proof. It is convenient to write ()140p as X]e=± ^^^'^ (0, ??), where 



(140) 



^[Ti( = '-,.t1''](^''",/3) 



[l,N]- 



(141) 



and 



C_£^(q + p,q) 



C-^(p) 



/3k,c^V'k+p,„V'q+p,^e.;V'q, 



where 



T^^\lp,(i) = E/ (P)A,t^^'k+p,c^^'^+p,et^'^q,£<^ 



V%\py^ VK{p)Ae{l?) , ui^^(p)=«)^^(p)«K(p) 



def 



(142) 
(143) 

(144) 



Note that u^-* (x) and u'^ '' (x) are smooth functions of fast decay, hence they are equivalent 
to Wi<-(x) in the bounds. This is not true for m^^(x), whose Fourier transform is bounded 
but discontinuous in p = 0. However, in the following we shall only need to know that 
< Cj'^^ and that |u^\p)| < \v^j^\p)vk{p)\, which are easy to prove. 



,(-) 



As in WSAl we now perform a multiscale integration for the ultraviolet scales N,N ~ 
1^ . . . , k + 1, k > K , very similar to the one described in ^3.2[ the main difference being 
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that that there appear in the effective potentiaf new monomials in the external field [3 and 
in tp. As explained in the previous section, in order to control the Fourier transform at 
non exceptional momenta of the correlation functions, it is in general sufficient to control, 
in the ultraviolet region, the norm in coordinate space of the kernels appearing in the 
effective potential. This is in general true also in the proof of this theorem, except for a 
bound, where one has to be more careful, see below. 

The contributions to the correlation functions such that one of the V'-fields in T'f^ {iP, P) 
with momentum q + p or q, see ()142p . is contracted at scale / (hence it is an external 
field at scale k), vanish in the limit I — oo, if the momentum k of /3 is fixed at a value 
different from 0, as we are supposing. In fact, in this case either |p| or |k + p| is greater 
than |k|/2; hence, by using (|137p or the short memory property, these contributions satisfy 
a bound containing the extra factor 7'|k/2|, which vanishes for / — oo. We consider 
then just the terms contributing to WT,e{P, v)^ in which at least one of the two ip-Hclds in 
t[^\iI}, j3) with momentum q + p or q is contracted at scale N . We shall call W^'^^~P 
the corresponding kernels of the monomials with 2m — 1 ^/'-fields and 1 a-field. We claim 
that 

I|W^t!;"^^'^II < Ct^'-^^S-"'^-") . (145) 
By the usual arguments, this is a consequence of the improved bounds: 

WW^S^ < C|A..|7S-''(^-^•^-^('=-^^ (146) 
< t^lAoolT-"^^-'^^ (147) 
We prove first the bound ()146|) . We can write 

where 

^) ^{ayrlrL uj i^ svlTh over the terms such that the field (3 belongs only to a t['^'^- 
vertex, whose Vj-field '/'q-fp ^^^^ either is contracted with V^^+p ^ (this can happen only for 
£ = —1) or is connected to it through a kernel w!^''^^''^\ci + p). 

b) w/,\,i^''''^ is the sum over the remaining terms. 

Let us consider the first term. Given k, for iV large enough, Xj~^(k) — 1 = 0; hence 
we can write: 

<)?S,Jk) = / ^ ^J|^[X-oo,.(p + k) - 1] . (149) 

Moreover, since i?^^^(p) = for |p| > 2^^^ , then X-oo,Af(p + k) — 1 = 0, if i?^^^(p) ^ 
and iV is large enough. It follows that, given a fixed k, for N large enough, 

^^ST!S,.(k)=0. (150) 

Let us now consider ^'^^r^^^^ ~ y)' which can be decomposed as in Fig. [6l 
By using (|125p . it can be written as 

^ |dz4)(x-z)^^^l(x-w)t^i^^'^«tL;.^ > (151) 



l+?L'+'^'^i(p + k)iyi°^2)W(p + k) 
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— 

Figure 6: : Graphical representation of W^^yr'^e-L w 
hence its norm, by using (jl35p . can be bounded by 

AT 

E l#U^II<?il;JI < C|A^|7S-^('=-^)7-''^^-'=^ . (152) 



In order to prove the bound pi7)) . we write 
^(i;3)(fc) _ TT/(i;3)(fe) 



w(i;3)(fc) _ TT/(i;3)(fe) , TT/(i;3)(fc) 



where ^\^J)T^e^iD-w' contains the terms in which the field V'k+p,uj of T\ and T_ is not con- 
tracted or is linked to a kernel W^i"'^''^'^'' , while the other terms are collected in w'}}^^^'' , . 
Let us consider first w/l'i!?'-'^-' • its Fourier transform, if we call k+ and k~ the momenta 

of the two fields connected to the line u'^ , can be written as (note that u/ is of the form 
(CO, CO', CO')): 

W^ST,S;^'(k; k+, k-) = [l + ?r ''^'(k + k+ - k-)t?("^2)(.)(k + k+ _ k-) 
■u^^^ (k+ -k-)J2 W^:.!^,.' (k- + k+ - k- , k- ) . (154) 

(J 

Then, if e — —1, since ^ by using the bounds ()135p and ([SS]! . we find 

ll<)S;.;^'ll<^^|Aoo|7-^(^-^-) (155) 

This bound is not true in the case e — +1, where it is necessary to take carefully into 
account that we are indeed bounding the Fourier transform of the correlation functions 
generated by p40p . at fixed (non exceptional) external momenta. 

The terms contributing to these correlations and containing W, >'J , , , as a cluster 

can be of two different types. There are terms such that the line corresponding to V'k+p,i.j 
is connected to the rest of the graph only through the vertex of the field p. In this case, 
we have to bound an expression of the type 



u 



(+1) 

K 



(k-q)Gi(k')G2(k") , (156) 



where k' and k" are a set of independent external momenta, q = — J2i '^ik'ij Q ~ k = 

J^i'^i^i G2(k") contains the cluster associate to J^a^A-a^-^u! expression is 
bounded by C||Gi|| |r2||, the same result that we should get in the case e = —1, by 
bounding the full expression with the || • || norm. Hence, the final bound is the same we 
would obtain by using (|155p for e — +1. 

We still have to consider the terms such that the line corresponding to '0k+p,(.j is 
connected to the rest of the graph even if we erase the vertex of the field (3. Now we have 
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to bound an expression of the type 



(27r)2 



4^''(p)5^^'Hp + k)G(p,k') , 



(157) 



where J^i'^i^i — ^ ^'^d G(p,k') contains the cluster associate to X^o- ^a-ct -^jc^'! this 
expression can be bounded by C||g||Li HGH , the same resuh that we should get in the case 
e = — 1, by bounding the full expression with the || • || norm. 

Let us finally consider W^^^^^^J^^,^,, which can be represented as in FiglT] 





(M) 



euj 



Figure 7: : Graphical representation of W, 



w 

(l;3)(fc) 
{b)T,E\uj;uj' 



We can write 



(158) 



I dzdw u^^^ (x - z)gif (x - ^W^S^. (z; w, y, u, v) 



so that, by the bounds ([T35l), \\W^^';^^^^l,\\ < C|Aoo |7"''7"''(^"''^ and < C^i"^^ , 

we get: 



\W, 



(l;3)(fc) 



(159) 



{b)T,£;uj;uj' 

Again, with respect to the analogous bound in §3. 2, we have an extra factor and 
this implies, proceeding for instance as in §4.1 of [S], the proof of the Theorem. 

3.6 Solution of the closed equations and proof of = 1 

We want to solve the closed equations for the correlation functions 

def 



5'^(x - y) , 



('/'x.t^ V'y .-c^j V'i-,^ V'v.,^) = Gu (x, y , u, v) , 



(160) 
(161) 



in the limit of removed cutoffs. By taking in p39p one derivative w.r.t. f}^^ and then 
putting ?7 = 0, we find 



where 



i^<,(k)5'^(k) = 1 + A, 



Fk.Ap) 



dp 



(27r)2 
dg vk{p)A,{p) 



i^/f,-(p)5'c.(k + p) , 



(162) 
(163) 
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In the space coordinates, equation (|162p becomes 

(d^S^) (x) - AooF/c- (x)S'^(x) = 5(x) , (164) 
where = c^^^q + iujdxi Fk,-{^) — J rfp/(27r)^e^*P^FA',- (~p)- Hence, if we define 



Ae(x|z) 



(27r)2 i?^(k) 



its solution is: 



5^(x) = e^-^-(''l°)5.>(x) 
Note that, for large |x|, thanks to (|115p . 



Ae(x|0) 



27r 



In Ixl 



a(0) + ea(0) 
An 



In Ixl 



(165) 
(166) 

(167) 



which implies, in particular, that the critical index rj^, defined in (|78p is equal to [a(0) — 
a(0)]/(47r). 

Let us now consider the 4-point correlation ()16ip . If we take in (jl39p three derivatives 
w.r.t. fi^^_^, Cfq-s.c^ and ?7^_^, we find: 



D<,(k)G^(k,q,s) = (5(q-s)5_^(q) + A 
dp 



dp 



i^K_(p)G'^(k + p, q,s) 



+A, 



(2^)2 



(p) (k + p, q - p, s) - G„ (k + p, q, s + p) 



(168) 



which, in the space coordinates, becomes: 

(dZG^) (x, y, u, v) = (5(x - v)5_^ (y - u)- 



FK,+ (x-y)-F7,-,+ (x-u) + FK,-(x-v) G^(x,y,u,v). (169) 



By using (|166p . we find that the solution of this equation is given by 

„ , , ->oo A+(x-y|v-y)-A+(x-u,v-u) 

G„(x,y,u,v) = e L 

• S'„(x-v)5_^(y-u) . (170) 

If we put in this equation x = u and y = v, wc find, using also (|16ip and (|167p . that 

(171) 



G 



\^-y\^°° |x-y|2[i-a(0)(A^/2,r)] 
If we put instead x = y and u = v, we get 



G 



|x— u| — »oo 



|x-u|2[l+o(0)(Aoo/27r)] 



By using (fT7T|) . (fT7^ . the first fine of PTS| . pT7)) and the definition 
get the first identity in PTT)) . 



(172) 

of a;± , we finally 
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4 Appendix: the anisotropic Ashkin- Teller model 



In this appendix, in order to derive (|12p . we briefly recall the analysis of the anisotropic 
Ashkin- Teller model in [13]. The integration procedure is similar to that described in Sj^l 
the main difference being that the quadratic part (|42p of the interaction now contains 

also terms of the form ipx.^'^^ il>x-'u ■ It follows, see (fT^ (where different definitions of the 
fermion fields were used) for details, that we have to substitute the Grassmann integration 
Pz^,t,Mi^^-^^) in (El with a new measure Pzh,nh,crh{d''p'^-'^^), where /i/j and tJh are the 
constants multiplying, respectively, the quadratic mass terms 



2 E and -2^y^ ^^LT^^-''' ■ (173) 

iU — 

One can see that 



=± e=± 



I log^(a,_i/a,) - 77.(A_^)| < CX^-i""^ . (174) 

Hence, since the two mass terms are clearly proportional, respectively, to the operators 
O"*" and 0~ , we find that 

Vf^ ^ V+ ~ Vz , ^V- ~ Vz ■ (175) 

It turns out that the difference of the critical temperatures scales as \v\^^ where xt, see 
(5.26) of [13] (where the indices are defined with a different sign and the definitions of iih 
and ah are exchanged), is given by 

XT = ^ , (176) 

1 + ??a 

which implies p2p . since jy^ = 1 — a;+ and rj^ ^ 1 — x-. 
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